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ABSTRACT 

A simulation method for the analysis of the buekling behaviour of briekwork walls is presented here. This method 
allows to take into aeeount the true stress-strain law for the material, whieh ean be based on test results, together 
with the aetual shapes and the presenee of meehanieal and geometrieal imperfeetions. Some numerieal results 
show the flexibility of sueh method and a eomparison with theoretieal and experimental results is also given. 

INTRODUCTION 

The degree of confidence of a theoretical prevision of the 
load carrying capacity of masonry structures, based on 
classical bifurcation methods, is rather unsatisfactory, due 
to various difficulties to interpret the actual behaviour of 
the structures by means of sim pIe mathematical models. 

A more refined approach must take into account both 
the true constitutive material law, which generally differs 
in tension and in compression, and the presence of imper­
fections, as initial out-of-plumb of the structural axis and 
load eccentricities, together with typical aspects of the con­
structional system, as shape cavity , stiffeners, edge condi­
tion. 

The non-linearity of such problem requires to perform 
an incrementaI analysis, which simulates the step by step 
behaviour of the structure under different loading con­
ditions, by providing the simultaneous solution of the set 
of equilibrium, compatibility and plasticity equations. 

If the in-put data of the simulation procedure are com­
ing from the statistical exploitation of several experimental 
results, its output may be considered equivalent to a lab­
oratory test. 

The aim of the present research is, first of ali, to check 
the reliability of a simulation method of calculating 
masonry structures, by comparing its results to the testing 
ones, given by the up-to-date literature. 

MODElS OF STRESS-STRAIN RELA TIONSHIP FOR 
BRICKWORK 

The knowledge of the true stress-strain relationship is the 
first important step in the analysis of the load carrying 
capacity of slender brickwork walls. 

The influence of the stress-strain relationship model is 
rather important, as it has been ohserved in a previous 
paper l

. Fig. 1 shows that the plasticity increases the 
collapse load of the wall especially in the range of low 
slenderness, whereas the tensile strength of the mate­
rial gives effects in the range of large slendernesses 
(Lli;> 20 to 30). 

The elastic-perfectly plastic models with limited strains 
for interpreting cracking and crushing, as assumed by 
many Authors l

.2.:l , have been substituted by more refined 
approaches which consider continuous u - E curves with a 
post-collapse decreasing branch. 

Neglecting any tensile strength, Kirtsching, Corder and 
SchõnelA proposed the following general formula : 

u /u c = aE - bE 2 (I) 

where the parameters a and b depend upon the initial 
Young modulus E and the compression strength (J' c' 

Byassuming 

the formula (I) becomes 

U = EEh __ E \ 
\ 2 Ec) 

(2) 

where 

Ec = 2u) E. 

These parabolic curves give a good agreement with the 
test results of Powel and Hodgkinson", as shown in Fig. 
2, where the formula (2) is presented in non-dimensional 
form (case A): 

(3) 

with a = E/4 U C' 

Formula (I) may be generalized by introducing the 
exponent n in the form: 

u = EE - kEn (4) 

The parameters k and n can be derived by imposing the 
following conditions (for E = Ec): 

du 
dE o 
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which give: 

k 
E 

n 

The use of the formula (4) gives the results of figo 2 
(case B), which are also very dose to the testing ones. We 
observe that the value of the exponent n is approxima­
tively equal to 2 as in the formula (1), what explains the 
practical coincidence of both curves A and B. 

THE SIMULATION METHOD 

The incrementai procedure considers the displacements 
as independent incrementai parameters and gives the step­
by-step solution of the inelastic behaviour of the brickwork 
wall in the pre and post-buckling range. Some of the salient 
features of the theory are given below (Fig. 3): 

a) the wall is considered as a prismatic beam-column 
simply supponed at the edges; 

b) the wall is submitted to end axial loads (N) with 
unequal end eccentricities (e A and e s); 

c) the cross-section is arbitrary in shape; 
d) an initial curvature may be considered as sinusoidal 

or parabolic curve characterized by the middle span 
deflection v o; 

e) the a - E relationship of the material may be arbi­
trary; 

f) the mechanical characteristics of the material may 
vary over the cross-section. 

The method supposes the wall to be subdivided into 
finite longitudinal (m) and transversal parts (q). The num­
ber of the longitudinal subdivisions (m) depends upon the 
required accuracy of the solution, whereas the transversal 
subdivisions (q) allow to take into account the shape 
effects. 

At each stage of the incrementai process the solution of 
the equation system, which governs the problem (equilib­
rium, compatibility, plasticity), is given by an iterative pro­
cedure. 

The out-put of the computer gives the "Ioad versus 
deflection curve" beyond the maximum carrying load for 
finite values of the deflection parameter v both in stable 
and in unstable range. 

SOME NUMERICAL RESULTS 

The stress-strain relationship given by the formula (4) has 
been assumed for the simulation calculations, but neglect­
ing the decreasing branch. The parameters E, k and n 
have been evaluated by comparing the analytical parabola 
with the testing results given in Reference 6. They corre­
spond to: 

n = 2 and a c/E = 0,0038 

The influence of the longitudinal subdivision (m) has 
been preliminarily analysed. Some results are given in Tab. 
I, for e = O and uo/L = lIIOOO. 

They show that the ratio N/N u for different values of 
the slenderness parameter L/t is practically independent 
from the number of longitudinal elements for m ;;" 8. 

The load versus deflection curves are given for different 
slenderness ratios Llt and initial curvatures uo /L (Fig. 4). 
The post-buckling range is negligible for the considered 
cases, due to the absence of plasticity in the assumed a - E 

curve, what corresponds to a brittle behaviour of the 
brickwork wall. 

The simulation method allows to follow the evolution of 
the transversal deflection during the loading processo 
Some corresponding out-puts are plotted in Fig. 5, for 
e = O, Llt = 25 and uo /L = lI2000. It is also possible to 
evaluate the spreading over the wall of the crushed and 
cracked zones at each incrementaI stage. 

The large influence of the eccentricity on the load car­
rying capacity is analysed in Fig. 6 for different values of 
inside and outside of the Kern zone. 

At the contrary the influence of the initial curvature 
seems to be rather limited in the considered range 
(uo/L = lI500, li 1000, lI2000), as it is shown in Figs. 4 and 
7. 

Some average test results taken from Hasan6 are also 
plotted in Fig. 7. They have been normalized by means of 
the theoretical values for L/t = 6 which are always less 
than one, making the comparison between numerical and 
testing results more significant. 

The agreement in-between is satisfactory for high eccen­
tricities (e = t/3), whereas it becomes worst by reducing e. 
It can° be interpreted as an effect due to the difficulties to 
obtain a physical model strictly coincident with the theo­
retical one. This fact is confirmed by the comparison with 
different theories, which is quite good independently from 
the eccentricities (Fig. 8). 

The Turkstra's and Angervo's theories have been 
applied together with the present simulation method. The 
Turkstra's theory utilizes a parabolic a - E curve, while 
the Angervo's theory is based on a linear elastic curve with 
limited strain. 

As it can be expected from these hypotheses, the agree­
ment with simulation and Turkstra's results is quite good, 
being the small differences due to the initial curvature 
assumed in the simulation calculations (vo/L = 1000). The 
discrepances with Angervo's results tend to disappear 
when the eccentricity increases, what can be explained by 
considering the predominance of geometrical effects due 
to bending. 
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T ABLE I-N/N u ratios for different values of m 

~ 4 8 12 16 20 

5 0,917 0,882 0,880 0,897 0,894 

15 0,5 19 0,506 0,508 0,506 0,506 

25 0,244 0,250 0,255 0,241 0,256 

35 0,123 0,1 3 1 0,131 0,132 0, 132 

45 0,073 0,076 0,076 0,077 0,077 

0,8 N/Nu 
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= 4 
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Figure 3, The out-put of the computer gives the "load versus deflection curve" beyond the maximum carrying load 
for finite values of the deflection parameter v both in stable and in unstable range . 
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