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ABSTRACT This paper discusses the problems of non - linear numerl­
cal modelling - through finite elements and following 
the smeared approach - of the plane masonry panels subi 
ec ~ to monotonic varying loads, using different material 
constitutive laws. 
Numerical resu l ts are compared wi th experimental curves 
availab l e i n literature . 

1 . INTRODUCTION 

Micro-modelling techniques - through finite e l ement metho ó­
for the numerical simulation of mechanical behaviours of a non-li 
near type of masonry structures, which have already been set up 
during the recent years, have allowed us to obtain such results as 
to constitute a useful standard of calibration and comparison among 
parallel experimental studies . 

Nevertheless the modelling of big masonry structures,in terms 
of acceptable computational efforts, can be achieved only if one 
accepts the drastic simplif i cation by wh i ch the structure itself lS 
considered as an assembling of masonry panels, and each panel as a 
planar cont i nuum medium subject to membrane efforts . 

It is then obvious that a successful model l ing is strictly 
linked to the given options as for discretisation, constitutive 
laws and failure criteria . 

This paper, within the frame of a wider research programme 
which is under way , intends to study an isolated wall, no 
with what openings, subject to monotonical loads, by means 
ling with isoparametric F.E. and carrying out the analysis 
an incremental way. 

matter 
of model 
through 

Materials wi ll be defined by constitutive laws for biaxial 
stress states, both of elastic - brittle type and of non - linear type, 
isotropic and orthotrop i c, and such that their identification par~ 
meters can be appreciated using the results of experimental tests 
of monoaxial stresses . 

The Mohr - Coulomb failure criterion with tension cutoffs will 
be adopted, as well as another criterion which was originally formu 
lated for plain concrete . 

The anisotropy arising from cracking will be taken into acco 
unt by modifying at any step of loading the material stiffness ma 
trix . 

Finally, there are some numerical applications, so as to al 
low a comparison of the different results obtained through the dif 
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ferent mOdellings wich have been proposed. 

2. CONSTITUTIVE MODELS OF THE MATERIAL 

2.1 . Isotrop ic e l ast i c -l inear mode lo 

For uncracked material, considered as homogeneous, the Slm 
plest model i s a mode l which foresees an i sotropic elastic linear 
behaviour. E , v parameters, which arp necessary to describe the 

. . o o. ... . 
constltutlve law durlng the blaxlal loadlng state, can be eas l ly 
drawn from experimental monoaxial tests, suitably modifying the 
results according to the different loading direct i ons, so as to 
take into account the existing anisotropy of the mater i al. This law 
i s comb i ned with ~he Mohr-Coulomb failure criterion with tension 
cutoffs , even though the failure mechanism associated with this mo 
de l is not verif i ed in general by the test results . 

The behaviour of the material, fo l lowing the formation of 
the first set of c r acks and/or after the first local crushings,wil l 
be described later on. 

2.2. Isotropic non - linear modelo 

This non - linear model is based o n the i sotropic formul ation, 
which was originally developed by Kupfer et al o for concrete , [lJ, 
introducing variable tangential bulk moduli K and shea r moduli 

t 
G . In this case , stress and strain increments are decomposed into 

t 
hydrostatic and deviatoric components and the tangent 
constitutive law takes the fol l owing form: 

incremental 

dE: . . 
l J 

<5 •. 

= -2:..J.....- d E: + d = 
3 ii e i j 

The elastic moduli 
be related to the initial 

do .. 
<5 •• 

I I 
+ 

lJ 

which appear 
moduli (K 

o 

ds . . 
lJ 

ln the 
G ) , as 

o 

( 1 ) 

previous equation can 
evaluated exper~ 

mentally by monoaxia l tests , by means of the relationships, [2J 

(l-
o 

) (1 
T 

) K = K C oct 
G = G 

oct ( 2 ) 
t o 2 o t o T 

octp octp 

Symbols are explained in the appendix. 
Octahedral shear and hydrostatic strengths can be calculated 

uSlng the following schedule 

Case ex. T O 
octTJ octp 

1011>10 2 I O 2 / 0 1 A 101 p l A'O I P 

10 2 1>10 1 1 0 1 /0 2 A 10~pl A ' 02p 
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where 

A = 1 

3 
AI = 1 

3 
(l+a) ( 4 ) 

and having indicated by o . the maXlmum stresses ln the two prlnc~ 
lp 

paI directions, like as, for example, in Fig.l/a. 
The C constant can be evaluated experimentally by optimi 

2 

z lng the results of biaxial compression tests. An approximate 
lue can be also obtained from a monoaxial test by means of the 
lationship 1 I 

°oct 

3K 
o 

I 

E 
oct 

ln which there are th e co-ordinates i)f the SI (Fig.l /b) point . 

va 
re 

Finally we adopt as biaxial failure criterion the simple 
Mohr -Coulomb criterion or the criterion proposed in rll ,which aI 

I I 

so depends on uniaxial compressive and tensile (fc,f t ) strengths 
of the material . 

The description of the material is completed by defining the 
secant shear modulus through the following relation, of experlmeQ 
tal origin [3J , 

G = 
s 

T 
octp 

Yoct 
11 - exp ( - :oct Gol] 
l octp 

whereas , for want of better information, it lS advisable to 
der K _ K 

s t 

® 
kX:>:: 1!a11> !a2! . . ...... 

O I a2!> !a1! 

~lp 

a = a2/al 

a = a1/a2 a) 

Fig . l .- (a) Failur e criter ion, 
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2.3. Orthotropic non-linear modelo 

A constitutivemodel based on an orthotropic behaviour of 
the material, capable of representing both monotonic proportional 
loading and biaxial cyclic loadin? histories, has been initially 
propo s e d by Darwin and Pe cknold , L 4] . 

The constitutive law for plane stress analysis, in tangen-
tial incrementaI form , results: 

da i El \) 1 E 1 E 2 o dE: 1 

1 
(7) d0 2 = E 2 o dE: 2 

l-\)2 

dT12 sym G' dY12 

1 
ln which El , E 2 \)2 = 'J 1 \)2 , G' = 4" (E 1 + E2 - 2\) 1 E 1 E2 ) , 

are stress-dependent mate ri aI propert i e s and do / dE: are re spe ct i ve­
ly the differential stress/strain vector in material co-ordinates . 

It is convenient, for a formal separation of Poisso n ef -
fect, to recall the concept of equivalent uniaxial strain, (EUS), 
l . e., for any stress, the strain corresponding to the true stress 
on the uniaxial load i ng curve . For a non - linear material it resul 
ts 

E. = L 
lU 

60 . 
1 

E . 
1 

where 60 . lS the incrementaI change ln stress and E . the 
1 1 

lng tangent stiffness for a load increment corresponding to 

The sum is extended to alI load increments. 

( 8 ) 

varz 

60 .. 
1 

The EUS E:. represents that portion of the strain (i.e.wi 
lU 

thout the Poisson effect) in th ~ i-th ~ irection of the principal 
axes, that contro l s the behaviour of the material, including soft~ 
ning and failure . In this case , to define the proporties of the 
material, it is necessary to introduce a fami l y of uniaxial stress­
strain relationships, each one for a different principal-stress 
ratio. 

The curves assumed here for compresslve loading, based on 
the Saenz formulation, result 

E E . 
o lU 

( 9 ) o. = 
1 E E: . 

( S 

2 
o lU 

E: ~ u 1 + - --2 + 
E E: . 

S lC lC 
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ln which E ::: a. /E . lS the secant modulus at the point of ma 
s lC lC 

ximum compresslve stress and E. 
lC 

lS the EUS at the same point. 

The stress a. 
lC 

for every principal-stress rat io, lS 

found by exploiting the strength failure envelope, for 
the Mohr-Coulomb one. 

instance 

The value of E 
1 

and E 
2 

are found as the slope of the 

a - E curves at the current values of the EUS ,whi ch 
2 2u 

a - E and 
1 lu 

are accumulated during the load history using Eq.(8). 
In the tension section we assume on the contrary an elastic 

linear law with E modulus. 
o 

To evaluate the structural response of the masonry panel 
under post-peak stresses, the constitutive law is extended by 
a softening branch , as shown in Fig.2, having a linear formo 

The unloading curve is a parabola and the reloading one 
is again lin e ar, such as described in [ 5J 

a Unloading curve equation 

n = a / a ~ = E/E 
c o 

n = (~-~ ) rA(~-~ )+n/(~ - ~ )] 
p ~ A A P 

A = 0 . 225 ~2 - 1. 225 ~ + 1.85 
A A 

~ = ~ - n (~+a ) / (n + Ea) 
A A A I A 

E = E E / 0' a = 0, 1175TÇ 
o o C 

Reloading curve equation 

n = EB (~-~ )/(~ + 8) 
-8 p p 

Fig.2. - Uniaxial a - E curve 8 = 0 ,1002~ 

3 . ANI SOT ROPIC BEHAVIOUR ARISING FROM CRACKING OR CRUSHING 

To introduce into the model the anisotropy ar isin g 
the presence of local cracking and / or crushing we take into 
count what follows. 

from 
ac 

l. In the tensile zones there is a smeared set of cracks when one 
of the principal tensions exceeds the value of the tensile 
strength f I • The general direction of the cracks is orthogQ 

t 

nal to the direction of the said principal tension; 
ii. The b eha v iour following the opening of a crack, as it has to 

be such as to express zero tensions in the direction orthogon~ 
to the crack, will be modelled assuming that the stiffness co~ 
responds to zero in the said direction; 

lll. In the case of compression strains acting orthogonally to the 
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crack, we assume that the stiffness of the cracked element still 
corresponds to the stiffness of the original 
and the crack is assumed to be closed ; 

uncracked element 

iv. The reopening of a cracking system, which had developed before 
and had been reshut, takes place without any further work: ln 
fact, in these elements the direction of the new cracks i s no 
more linked to the actual principal tensions but stays identical 
to the one which was previously determined; 

v. For the crushed material the stiffness is assumed to be zero for 
further loading and the current state of stress, at the point 
just before crushed,is assumed to be completely releas e d; 

vi. The roughness of the surfaces surrounding the generic crack is 
such that the incrementaI shear stress can be considered a li 
near function of the incrementaI strain, i.e. in the material 
co-ordinate system 

1 

G 

In 
/'I.y 

n' 
= ------­~ n" 

(10) 

where n' n" are two opportune constants to be chosen in the 
said field, respectively in the case af a single cracking sz 

s t em a r of two systems present at the same time.,and G the shear madulus af 
uncracked material. 

4. SOLUTION PROCEDURE 

The solution ~rocedure which has been adopted, thraugh F.E.M., 
is shown elsewhere, L6] . In the present study we have used isop.§: 
rametric elements with faur nodes presenting linear shape functions. 
Integrations have been developed in four paints chasen within the 
element itself. 

5. NUMERICAL APPLICATIONS 

The numerical modelling of masonry walls as proposed in this 
paper has been introduced into a special computer code which is al 
so capable of accepting various options as for the constitutive 
laws and the failure criteria. The said code bas already allowed us 
to obtain good results in the tests which have been carried out un 
til now, as compared with other cases quoted in the technical li 
terature. 

J u st as an example we have studied the case of a wall with 
several o:;;:>enings, already studied in [7 ] 

The mechanical properties and the other data o~ the problem 
are indicated later on. Thickness 0,4 m. Weight of the structure 
itself, 280 N/m 3

• Distributed loads: vertical 140, lateral 
Sx68 75 N/ m . Young modulus 2000 MPa. Compressive and tensile streQ 
gth 4 and 0,07 MPa. Poisson coefficient = 0,2. Ecu = 9.10- 3 

• 

In Fig.3 we indicate the lateral force/displacement curves 
for two different points of the wall which have been obtainedusing 

d ifferent constitutive laws for the material. 
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The said curves are compared to the ones obtained in [7J 
through the ADINA code. 

Vertical loads have been considered as being present with 
their first int ensity starting from the first lo ad step; the lat~ 
ral loads, uniformely distributed in all integration points, have 
been applied according to a monotonically increasin g law until 
collapse . In Fig.4 we show the evolution of the cracking state 
as the load increases, by using the models of which we have spoken 
ln 2 . 2 . and 2 . 3 . 

- ------ -.30+----"-'-----+_ 
/ 

- ---
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Ref . [7] 
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DO 
M 
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-

.05 1-------t- ------+_--- ----f 

2 3 4 5crn 

Fig.3.-Displacements and ultimate load behaviour . 

It is also numerically analysed the behaviour of the simple 
column quoted in Fig.5, which experimental results, obtained by prof. 
Giuffre at the Istituto di Scienza delle costruzioni of Rome Uni ver 
sity, are reported in part in LS] 

The mechanical properties of the model are t h e following. 
f' = S, 4 f' = O, 1. ( tIJ P a ); \) = O, O 4 ; E = S S 4 2 ( MP a ) 

c t 

= 10- 3 
E 

cu 
The curves p = vertical load / transverse section area versus 

the strain 6a/a are indicated in Fig.5 / a, both for numerical and 
experimental analysis. In Fig.5 /b is shown the crack pattern obta 
ined in the numerical modelo 
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Fig.5 .- (a) Medium pressure vis strain curves,(b) . Crack pattern. 
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APPENDIX-NOTATION 

The following symbols are used in this paper 

E = initial tangent modulus in uniaxial loading; 
o 

E
l

,E
2

,E
i 

= uniaxial tangent moduli in directions 1,2,i respectively; 

E = secant modulus 
s 

fI fI = uniaxial compressive and tensile strength of masonry; 
c t 

G 
o 

K 
o 

dE 
T 

= 

G , G 
s t 

K K 
s t 

[dEI dE 
2 

shear modulus (initial-, secant-, tangent-); 

bulk modulus (initial-, secant-, tangent-) ; 

dy 12J differential strain and dE .. = vector ln 
lJ material co-ordinates; 

differential stress vector ln mate­
rial co-ordinates; 

de .. = deviator strain ln material co-ordinate; 
lJ 

ds = deviator stress ln material co-ordinate; 
lJ 

o. . = Kronecker delta ; 
lJ 

E 
cu 

EUS 

E. 
lC 

E 
lU 

a 
oct 

= 

= 

= 

= 

a 
octp 

a 
2 

= principal stresses; 

strain corresponding to fI 
c 

equivalent uniaxial strain; 

EUS corresponding to a. 
lC 

EUS ln i-th direction; 

T = octahedral normal and shear stresses, respectively 
oct 

T = octahedral normal and shear strength , respectively. 
octp 
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